Let K be the field of fractions of a DVR O. Let P be a good class of morphisms of O-schemes stable under pull backs. Let Y be a flat O-scheme which is regular. Let i : V ֒→ Y be an open, dense embedding. Let m V : A V → V be an element in P . Let W be an O-scheme. Answers to the following two questions provide information on Y , W and different stacks (or moduli spaces) related to P . In [MB2] it is shown that Q2 has a positive answer if (Y, V ) is an extensible pair and if P is the class of smooth, geometrically connected, projective curves of genus at least 2. This is extended in [dJO] to the class of stable curves of locally constant type, under the extra assumption that there is a divisor DIV of Y with normal crossings and such that the reduced scheme Y \ V is a closed subscheme of DIV .
(0, p) and index of ramification e ∈ N. If e ≤ p − 2, then a result of Faltings says that Y is healthy and p-healthy regular, provided it is formally smooth over O (see [Va, 3.2 .2 1) and 3.2.17] and [Mo, 3.6] ). If p ≥ 5, then there are local O-schemes which are healthy and p-healthy but are not formally smooth over some DVR (see [Va, 3.2 
.2 5)])
. The main goal of this paper is to prove the following theorem.
1.3. Theorem. If e = 1, then any regular, formally smooth O-scheme is healthy and p-healthy regular.
The case p ≥ 3 was known previously (see above). The case p = 2 answers a question of P. Deligne. In §2 we present complements on the crystalline contravariant Dieudonné functor; we go as far as needed in §3 for the proof of 1.3. In §4 we include few applications of 1.3. See 4.2.1 for the main application and see 4.2.2 for Néron models of many Z K 's which are not closed subschemes of torsors of semiabelian varieties. We would like to thank G. Faltings for mentioning to us that his result should also hold for p = 2 and W. McCallum for the reading of the paper. §2 Complements on the crystalline contravariant Dieudonné functor Let k be a perfect field of characteristic p > 0. Let σ be the Frobenius automorphism of the Witt ring W (k) of k. Let R := W (k) [[T ] ], where T is an independent variable. Let Y := Spec(R). Let Ω R be the p-adic completion of the sheaf of relative differentials of R with respect to W (k). It is a free R-module generated by dT . Let Φ be the Frobenius of R which is compatible with σ and takes T into T p . Let dΦ * /p be the differential of Φ divided by p. For n ∈ N the reduction mod p n of dΦ * /p is also denoted in the same way. Let W n (k) := W (k)/p n W (k). Let where M is an R-module, F is a direct summand of M , Φ 0 : M → M and Φ 1 : F → M are Φ-linear maps and ∇ : M → M ⊗ R Ω R is an integrable, nilpotent mod p connection on M , such that the following five axioms hold:
1) Φ 0 (m) = pΦ 1 (m), ∀m ∈ F ; 2) M is R-generated by Φ 0 (M ) + Φ 1 (F );
M is a finite direct sum of R-modules of the form R/p s R, where s ∈ N ∪ {0}.
′ which takes F into F ′ and such that the following three identities Φ
We refer to M as the underlying R-module of (M, F, Φ 1 , Φ 0 ). Disregarding the connections and so the axioms 3) and 4), we get the category
, in the context of arbitrary smooth W (k)-schemes, were first introduced in [Fa] inspired from [Fo] and [FL] which worked over Spec(W (k) ). In what follows we need the following result of Faltings.
Proposition. The category MF
is abelian and the functor from it into the category of R-modules which takes f into f 0 is exact.
Proof: This follows from [Fa, . Strictly speaking loc. cit. is stated just for smooth W (k)-algebras but the inductive arguments of it work for regular, formally smooth W (k)-algebras and so for our R. In fact we can use Artin's approximation theorem to reduce this Proposition to loc. cit. as follows.
Let f and f 0 be as above. In what follows we denote also by Φ 0 , Φ 1 , ∇, Φ ′ 0 , Φ ′ 1 and ∇ ′ the different Φ R -linear maps and connections obtained from them via restrictions or via natural passage to quotients. We need to show that the following three quintuples (Ker(f 0 ),
The axioms 3) and 4) are obviously satisfied and so from now on we do not mention ∇ and ∇ ′ . So we are interested just in the morphism g :
We can assume that M and M ′ are annihilated by p n . Using devissage as in [Fa, p. 33, l. 4 to l. 11] , it is enough to handle the case p = 1. We now show that g is the extension to R of a morphism of a category MF [0, 1] (R 1 ) as in [Fa, p. 30] , where R 1 is a suitable smooth W (k)-algebra such that we have a W (k)-homomorphism R 1 → R.
We choose a projector π of M having F as its image and a subset B = {e 1 , ..., e r } of M such that we have a direct sum decomposition M = ⊕ • π ′ involve a finite number of coordinates which are elements of R/pR. Let A 0 be the k-subalgebra of R/pR generated by all these coordinates. It is of finite type. So from [BLR, p. 91] we deduce the existence of an A 0 -algebra A 1 which is smooth and such that the k-morphism A 0 → R/pR factors through A 1 . Localizing A 1 we can assume that A 1 is the reduction mod p of a smooth W (k)-algebra R 1 and that we have a W (k)-homomorphism R 1 → R which mod p is A 1 → R/pR. We choose a Frobenius lift of the p-adic completion of R 1 compatible with σ. One defines MF [0, 1] (R 1 ) as above (see [Fa, p. 30] ). We get that g is the extension to R of a morphism g 1 of MF [0, 1] (R 1 ). Applying [Fa, to g 1 and tensoring with R we get that axioms 1), 2) and 5) hold for the above three quintuples and that f 0 (F ) = F ′ ∩ f 0 (M ). This ends the proof.
The functor D.
We have a contravariant, Z p -linear functor
. Similar functors but with Y replaced by Spec(W (k)) (resp. by a smooth W (k)-scheme with p > 2) were first considered in [Fo] (resp. in [Fa] ). The existence of D is a modifi-cation of a particular case of either Grothendieck-Messing theory of [Me, or of [BBM, ch. 3] . One can use [BM, ch. 3 ] to show the compatibility of the mentioned two possible constructions of D; this applies even for p = 2 due to the fact that for the construction of D we deal just with evaluations at
We now include the construction of D based in essence on [BBM] and [Fa, 7.1] . Let G be an object of p − F F (Y ). We can assume G is annihilated by p n . A theorem of Raynaud says that G is a closed subgroup of an abelian scheme A ′ over Y (see [BBM, 3.1 [BBM, 2.5] ). Let F be the reduction mod p n of the Hodge filtration F A of
.1]). Let
. Let ∇ be the reduction mod p n of the Gauss-Manin connection ∇ A of A. The
One easily checks that D(G) and D(m) are well defined, i.e. do not depend on the chosen embeddings into abelian schemes and on the choice of a power of p annihilating G and H. For instance, if G is a closed subgroup of another abelian scheme C ′ over Y , then by embedding G diagonally into A ′ × Y C ′ and by using the snake lemma in the context of any one of the two projections of
2.3. Remarks. 1) In [BBM] , [BM] or [dJ1-2] the language of Faltings-Fontaine categories is not used. From [BBM, 3.1.2 ] (see also [BM, ) we get that the quadruple (M ,F , Φ 0 , ∇) is associated to G (more precisely to G Y W n (k) ) as in [BBM, , [BM] or [dJ1-2] . But the mentioned places use instead of the Φ-linear map
Similarly, identifying Φ 0 with an R-linear mapM ⊗ R Φ R →M , we have
These identities (1) and (2) hold as they hold in the context of A and A ′ . AsM is R-generated by the images of Φ 1 and Φ 0 , we get thatṼ is uniquely determined by Φ 0 and Φ 1 . So we feel it is appropriate to denote (M ,F ,
2) IfF is neither {0} norM , thenṼ has a non-trivial kernel and so Φ 1 is not determined byṼ . The thing we gain by using Φ 1 instead ofṼ is that we can exploit (cf. axiom 5)) the exactness part of 2.1.
3) From (1) and (2) we get that C and
4) As in [Fa, 2.3] we get that the category MF
does not depend on the choice of a Frobenius lift of R compatible with σ. The arguments of loc. cit. apply even for p = 2 due to the fact that we are dealing with connections which mod p are nilpotent. Using loc. cit. one can show that 2.1-2 also hold if Y is replaced by an arbitrary regular, formally-smooth W (k)-scheme. In §3 we need this just for the case of Spec(W (k 1 )), where k 1 an algebraically closed field containing k. This case follows from [Fo] and [FL] . 5) Using [Fa2, th. 10] in future work we will show that the functor MF
which forgets connections is an equivalence of categories and that for p > 2 (resp. for p = 2 and k algebraically closed) D of 2.2 is an antiequivalence of categories (resp. is essentially surjective). §3 Proof of 1.3
We now prove 1.3. Let O be a DVR of mixed characteristic (0, p) and index of ramification 1.
. Let E U (resp. A U ) be a p-divisible group (resp. an abelian scheme) over U . We need to show that it extends to a p-divisible group E (resp. to an abelian scheme A) over Y . For parts of 3.2 and 3.4 we combine paragraphs of [FC, ch. 4, §6] with Steps A to D of [Va, 3.2.17] . We first recall a result of Faltings and Chai (see [FC, ch. I, 2.7] Proof: This is so as the existence of E (resp. of A) is a local statement in the faithfully flat topology of Y . For E U this is obvious, as the existence of E is codified in terms of identities (like equalities or short exact sequences) among suitable homomorphisms between rings of global sections of
here n ∈ N varies). But such identities hold iff they hold in the faithfully flat topology of Y . For A U we argue this as follows.
We can assume Y is integral. Let
4 extends to an abelian scheme over Y , cf. 3.1 applied to the projectors of B U onto its factors. It is known that A U is a projective scheme over U (see [FC, ch. I, 1.10 a)]) and so that it is polarizable. Zarhin's trick implies that B U has a principal polarization (see [MB1] ). Let N ≥ 3 be an integer relatively prime to p. Let U 0 be a connected Galois cover of U factoring through theétale cover Not to introduce extra notations we will assume that A U has a principal polarization p A U and a level N structure l U . Let g := dim R (A). Let A g,1,N be the moduli scheme over Spec(Z[ [MFK, ). If A exists, then the triple (A U , p A U , l U ) extends to Y . But to show that the morphism f 1 : U → A g,1,N defined by (A U , p A U , l U ) extends to a morphism Y → A g,1,N we can work locally in the faithfully flat topology of Y . This proves the Lemma.
3.3. The case d = 1. We first handle the case d = 1. Falting's method of Step B of [Va, 3.2 .17] does not work for p = 2 as it relies on Raynaud's result [Ra, 3.3 .3] which holds just for p > 2. We now show that §2 allows us to handle all primes at once. We have to show that E (resp. A) exists provided R = W (k) [[T ] ] is as in §2 and U is the complement of the maximal point of Y , cf. 3.2 and Cohen's coefficient ring theorem (see [Ma, p. 211 and 268] ). We first show the existence of E.
Let O be the local ring of Y which is a DVR faithfully flat over W (k). Let O 1 := W (k 1 ), where k 1 is the algebraic closure of the residue field of O. It has a natural structure of an O-algebra. From [FC, 6.2, p . 181] we get that E U [p n ] extends uniquely to a finite, flat group scheme G n over Y . We have to show that ∀n, m ∈ N the complex
defined by the standard short exact sequence
is in fact a short exact sequence. Let
be the complex of R-modules defined by (4). Let N n,m be the underlying R-module of
. From 2.1 we get that the sequence
We now show that N n,m = {0}. As N n,m is a direct sum of R-modules of the form R/p s R, s ∈ N ∪ {0}, it is enough to show that N n,m [
It is enough to show that the complex (SES) obtained from (5) by tensoring with O 1 is a short exact sequence. But (SES) is the complex obtained by pulling back (3) to Spec(O 1 ), by applying D of 2.3 4) and by taking underlying O 1 -modules (cf. [BBM, ). But the pull back of (3) to Spec(O 1 ) is a short exact sequence (as the pull back of (3) to U is so). So from 2.3 4) applied to Spec(O 1 ) we get that (SES) is a short exact sequence. So N n,m = {0}.
So the W (k)-linear map j n,m : M n+m /(T )M n+m → M n /(T )M n is an epimorphism. But j n,m is the W (k)-linear map associated via the classical contravariant Dieudonné functor to the fibre over k of the homomorphism G n → G n+m , cf. loc. cit. and [BBM, . From the classical Dieudonné theory we get that this fibre is a closed embedding (see [Fo, p. 153 and 160] ). So from Nakayama's lemma we get that G n is a closed subgroup of G n+m . Due to the uniqueness of G m we have G n = G n+m /G n . So (3) is a short exact sequence. So E exists. Now we refer to A U . We know that the principally quasi-polarized p-divisible group of (A U , p A U ) extends to a principally quasi-polarized p-divisible group (E, p E ) over Y . So from [dJ3, 2.5] we get that that the fibre (A 0 , p A 0 ) of (A U , p A U ) over Spec(k((T ))) extends to a principally polarized abelian scheme (B 0 , p B 0 ) over Spec(k[[T ]]). So as R is p-adically complete from Serre-Tate deformation theory we get that there is a unique principally polarized abelian scheme (B, p B ) over Y lifting (B 0 , p B 0 ) and having (E, p E ) as its principally quasi-polarized p-divisible group (see [Me] ). We now check that B U = A U . Let l ′ U be the level N structure of B U whose pull to a level N structure of (A 0 , p A 0 ) is the pull back of l U . Let f 2 : U → A g,1,N be the morphism defined by (B, p B , l ′ U ). Based on 3.1 to show that f 1 = f 2 it is enough to show that their restrictions to Spec(O) are the same. But this is so as the composites of f 1 and f 2 with Spec(O 1 ) → U are the same (cf. the mentioned theory). So A exists.
3.4. End of the proof. Let x be a regular parameter of R such that Y 1 := Spec(R/Rx) is formally smooth over W (k). We use induction on d ∈ N. Based on it and 3.2 we can assume that Y \ U has only one point {y} and that d ≥ 2.
Let U 1 := Y 1 \{y}. The pull back E U 1 (resp. (A U 1 , p A U 1 )) of E U (resp. of (A U , p A U )) to U 1 extends to a p-divisible group E Y 1 (resp. to a principally polarized abelian scheme (A Y 1 , p A Y 1 ) ) over Y 1 , cf. our induction and 3.1. Using a second induction on n ∈ N and the fact that the moduli scheme parameterizing lifts of E Y 1 (resp. of (A Y 1 , p A Y 1 )) to Spec(R/Rx 2 ) has (as d > 1) the same global sections over Y 1 as over U 1 , we get that there is a unique way to lift E Y 1 (resp. (A Y 1 , p A Y 1 ) ) to a p-divisible group (resp. to a principally polarized abelian scheme) over Spec(R/Rx n ) such that its restriction to Spec(R/Rx n ) \ {y} is the same as of E U (resp. of (A U , p A U )). As R is complete with respect to the Rx topology, we deduce the existence of a p-divisible group E ′ (resp. of a principally polarized abelian scheme (A, p A )) over Y whose pull back to U 1;n := Spec(R/Rx n ) \ {y} is the same as the pull back of E U (resp. of (A U , p A U )), ∀n ∈ N; in the case of E U (resp. of (A U , p A U )) we need to add that the reference [dJ2, 2.2.4] (resp. that Grothendieck's algebraization theorem of [EGA III, ch. 5]) guarantees that E ′ (resp. (A, p A ) ) is a p-divisible group (resp. a principally polarized abelian scheme) and not just a formal p-divisible group (resp. a formal principally polarized abelian scheme).
We now check that E ′ extends E U . Let Γ(X) be the ring of global sections of a scheme X. We have natural restriction homomorphisms
Taking n → ∞ we get a homomorphism Γ(
. Putting them together we get a homomorphism h : E ′ U → E U of p-divisible groups over U . Its fibres over points of U 1 are isomorphisms. So from Nakayama's lemma we get that h is an isomorphism at each point of U specializing to a point of U 1 and so also at the generic points of the fibres of the morphism U → Spec(W (k)). So a theorem of Tate implies that h is an isomorphism at each point of U of characteristic 0 and of codimension 1 (see [Ta, cor. 2 of p. 180] ). So h is an isomorphism over points of U of codimension at most 1 and so it is an isomorphism. The fact that A indeed extends A U is argued as in the end of 3.3 (the role of Spec(O 1 ) being replaced by the completion with respect to the (p, x) topology of the local ring in U of any point of the special fibre of U 1 ). This ends the proof of 1.3. §4 Applications Proof: Based on [FC, 6.2, p. 181] this is a local statement for the faithfully flat topology of Y . So we can assume Y is as in §2 and so the Corollary follows from the part of 3.3 which showed that (3) is a short exact sequence.
4.2. Applications to Shimura varieties. Let (G, X) be a Shimura pair, let E(G, X) be its reflex field and let Sh(G, X) be the canonical model over E(G, X) of (G, X), see [Va, . There is a natural continuous G(A f )-action on it; here and below the continuous actions are in the sense of [De1, 2.7 .1] and are right actions. Let p be a prime such that G Q p extends to a reductive group
Let v be a prime of E(G, X) dividing p. It is unramified over p, cf. [Mi3, 4.7] . Let O (v) be the localization of the ring of integers of E(G, X) with respect to v. So below we use the fact that any regular, formally smooth O (v) -scheme is healthy regular (see 1.3). Let A p f be the ring of finite adéles with the p-component omitted. So we have
We recall (see and [Va, 3.2.3 and 3.2.6] ) that an integral canonical model of (G, X, H, v) is a faithfully flat O (v) -scheme N equipped with a continuous G(A b) The integral canonical model N is indeed canonical, i.e. is uniquely determined up to unique isomorphism by N E(G,X) and so by (G, X, H, v) .
Proof: The classical purity theorem implies that the pro-étale cover U × N /H 0 N of U extends to a pro-étale cover Y ∞ of Y . As Y ∞ is healthy regular (see [Va, C) 4.2.2. Remarks. 1) Previously 4.2.1 was known just for p > 2 and for zero dimensional Shimura varieties (see [Va, 3.2.3 .2 a), 3.2.4 and 3.2.8]). So 4.2.1 b) applies to all integral canonical models of Shimura varieties of PEL type in mixed characteristic (0, 2) used in [LR] or [Ko] . Strictly speaking [Ko] mentions just smooth quotients like N /H 0 ; but their projective limit N is a closed subscheme of an integral canonical model of a Siegel modular variety and so it is an integral canonical model.
2) We assume that N /H 0 is a proper O (v) -scheme. From 4.2.1 a) we get that N /H 0 is a Néron model. If H 0 is small enough, then Sh(G, X) C /H 0 × H is of general type (see [Mi1, 1.2 of §2]) and so N /H 0 is not among the Néron models studied in [BLR] . Moreover, often the albanese variety of any connected component C of Sh(G, X) C /H 0 × H is trivial and so N /H 0 is not even embeddable into an abelian variety. For instance, this happens if the derived group G der R is SU der (a, b) R , with a, b > 2 (we have H 1,0 (C, C) = 0, cf. [CL, ).
4.2.3. Remark. We include a second, purely geometric approach to get a quasiprojective variant of 4.2.1 b) under the extra assumption that N /H 0 is projective over O (v) . Let N 1 be another integral canonical model of (G, X, H, v) such that N 1 /H 0 is quasi-projective over O (v) . We claim that we have a canonical identification N = N 1 .
We can assume that all connected components of Sh(G, X)/H × H 0 are of general type. We need to show that there is a canonical identification N /H 0 = N 1 /H 0 extending the natural one between generic fibres. It is enough to show that N 1 /H 0 is projective over O (v) , cf. [MM, Theorem 2] . Each connected component C 0 of N 1 /H 0 is an open subscheme of an integral, projective O (v) -scheme C. We can assume C E(G,X) = C 0E(G,X) . If N 1 /H 0 is not projective over O (v) , then C 0 is not C. So let m C : Spec(V ) → C be a morphism, with V a strictly henselian DVR of mixed characteristic, such that the special point of Spec(V ) maps into a point of C \ C 0 . Let K V := V [ 
